Abstract. -We investigate how different microscopic interactions between semiflexible chain segments can qualitatively alter the physical properties of the condensed toroid. We propose a general form of the Hamiltonian of the toroid and discuss its analytic properties. For different interactions, the theory predicts different scaling behaviours of the mean toroidal and cross sectional radii, rc and rcross, as functions of the contour length L:
Condensed DNA toroid and its conformational properties have been of great interest, for instance, as a possible candidate for gene delivery in gene therapy [1, 2] . Although condensed DNA toroids have been heavily investigated in experiment and theory ( [3] [4] [5] and the references therein), it remains unclear what physical factors determine the toroidal sizes [2] . In fact, there is experimentally well known observation that the radius of DNA toroid r c is independent of chain contour length L = 400−50, 000bp (132.8 nm−16.6 µm): r c ∼ L ν with ν ≃ 0 [6] . In most analytic works, phenomenological free energy models balance the bending and surface free energies to estimate toroidal properties. The predicted scaling relation for the mean toroid radius is r c ∼ L ν with ν = 1 5 for large L [4, 7, 8] . This is however inconsistent to the experimental observation.
In this letter, we show how different microscopic interactions qualitatively modifies physical properties of the toroid, in particular, the mean toroidal and cross sectional radii. To achieve this, we first propose a general form of the Hamiltonian of the toroid and discuss its analytic properties. We then specify the explicit forms of attractive interactions, namely delta-function, van der Waals, and Yukawa (screened Coulomb) type interactions. We show exponents of the mean toroidal and cross sectional radii in the large L (or equivalently large dominant winding number N c ) limit are categorised into three distinct groups for different interactions. For experimentally realistic winding numbers N c = 100 ∼ 400, we find ν ≃ 0 for the Yukawa interaction with inverse screening length κ = 0.5 ∼ 1.0 and ν = 0.1 ∼ 0.13 for the van der Waals type interactions. We also describe conformational transitions.
Theory. -We propose the general Hamiltonian of a tightly packed toroid, with any type of short/long-range attractive interactions between segments:
Gap(N ) . l denotes the persistence length of the semiflexible polymer chain of total contour length L. l is assumed to be large enough relative to the bond length l b to realise its stiffness (l ≫ l b ). a is an inverse toroidal radius and W is a positive coupling constant of the two-body attractive interaction between polymer segments. N is the winding number:
is the attractive potential in the toroid cross section in the unit of −W , which falls into the number of interacting segmental pairs 1 Gauss' symbol [x] gives the greatest integer among m < x.
for the van der Waals nearest neighbour interaction [5] :
is introduced to compensate the continuity of the Hamiltonian. Temperature β = 1/(k B T ) is implicitly included in l and W . An important assumption is that the attractive potential (i.e. the second term in H cl ) is a linear function of the toroid radius, or equivalently of the mean perimeter of the toroid [9] . With the conformation parameter c ≡ W 2l L 2π 2 > 0, and a variable
where
For consistency, V(0) = V(1) = 0, so that
→ 0 at x = 0. By varying the value of W , V(2) can be normalised to unity. For a chain to form a toroid, W L ≫ 1 and c > 4 are assumed.
Most physical observables for the tightly packed toroids can be quite accurately estimated by the dominant toroid winding number N c . For instance, the mean toroid radius is given by
with the exponent ν(N c ). N c is given by the global minimum of the Hamiltonian (1). Since H(c, x) is governed by the value of c, our aim is now to derive the relation between c and N c . Let us focus on the form of H(c, x) in the m-th segment (m < x < m + 1). The only extremum is given at x = x c (m) ≡ (2cf (m)) 
Note that the second x-derivative of H(c, x) is positive except at x ∈ Z so that all existing extrema are stationary. It should be emphasised that the c-N c relation for a smaller value of N c is different from its asymptotic one. This becomes crucial when we compare the theory to experiment in the end: real chains such as DNA have finite length. Instead, we replace the above relation by c ≃ cL(Nc)+cU (Nc) 2 , which works well for the cases examined below. We now provide specific attractive potentials and calculate analytical expressions for the mean toroidal and cross sectional radii. The delta function potential: One of the simplest interaction is the delta functional attraction,
, we have shown that the toroid of winding number N ≥ 4 is the stable ground state for c > 4. In this "ideal toroid" with zero thickness of the chain, every chain segment interacts equally with all the other segments accumulated on the same arc of the toroid. Hence, V(N ) becomes the number of interacting segmental pairs:
In the asymptotic limit, we have
as c
Thus, the radius of the dominant ideal toroid is
Van der Waals potential: In real systems, the toroid has finite thickness hence physics could be different from that of the ideal toroid. Therefore, we must incorporate finite size effect into V(N ) of the Hamiltonian, and then calculate the mean toroidal and cross sectional radii.
First, we consider the van der Waals type interaction, or equivalently effective short-range dominant attraction. Toroidal cross section can be approximated by the hexagonally arranged chains ( Fig.1 ) [5] , interacting via effective nearest neighbour van der Waals attraction. By definition, the excluded volume effect of the segments is incorporated in the hexagonally packed cross section. This hexagonal arrangement could be a good approximation as it has been experimentally observed for the condensed DNA toroid [2] .
If the chains are packed in a complete hexagonal cross section (Fig.1) , the winding numbers are N = 7, 19, 37, Effect of interaction shape on the condensed DNA toroid and so on. In such cases, the number of nearest neighbour interacting pairs between segments can be counted by the links between neighbouring pairs in the hexagonal cross section. We then obtain the number as a discrete function V discrete (N ). In the case of a complete hexagon with a side of (n + 1) segments, its winding number is given by
i.e., n = − 
for N = 1, 7, 19, 37, · · ·. Therefore, for a general value of N , we can approximate V discrete (N ) or analytically continue it to the analytic function:
This approximates well an exactly counted discrete function V discrete (N ) (see Fig.2 ). Note that, up to N = 3 we need not introduce the finite size effect, since there is no difference in the number of interacting pairs between the ideal and the van der Waals nearest neighbour toroids. Thus, N ≥ 4 for this effect. Note also that the entanglement (knotting) effect of the chain arrangement is neglected.
The same analysis presented in the previous section leads to the following "asymptotic" c-N c relation of the dominant toroid for large c:
Substituting this into r c ≡ L 2πNc , we obtain the mean toroid radius:
Note the mean toroid radius of T4 DNA in low ionic conditions and Sperm DNA packaged by protamines are quantitatively fitted by this expression [5] . Also, the scaling property r c ∼ L 1 5 matches the one in [4, 7, 8] . Similarly, the mean radius of the toroidal cross section can be calculated for the complete hexagonal cross section with a side of (n + 1) monomers [5] :
where l d is the diameter of the segment. As N c ≃ 2
for large c, we have
Note that the scaling property r cross ∼ L 2 5 is in agreement with the one in [4] obtained in the asymptotic limit. Also, we can formally consider the case of the ideal toroid (i.e. N c ≃ c), although it has zero thickness:
Yukawa potential and general theory. -In experiment, when we put condensing agents such as multivalent cations into DNA solution, it can cause DNA to undergo the condensation from a worm-like chain (whip or coil) to toroidal states [1] [2] [3] [4] [5] [6] 8] . Due to surrounding ion clouds, effective interaction between the DNA segments could be described by the screened Coulomb (or Yukawa) potential:
where r is the distance between a pair of segments. The interaction range is characterised by the screening parameter κ (inverse screening length), which depends on salt concentrations. In the low screening limit κ → 0, the potential corresponds to the Coulomb interaction. Not only for the Yukawa potential with various κ values, it is in general very difficult to analytically estimate the function V(N ) just by counting the number of interacting segmental pairs. This is due to the long-range nature of the potential. Thus, we numerically compute the exact value of the attractive potential in the toroidal cross section and do a fit by the following function. We assume that the function V(N ) can be in general expanded as a polynomial in the radius of the cross section (∝ n + 
. This fitting is based on the fact that V(N ) of ideal and van der Waals types are given by V ideal (N ) = 
Therefore, we speculate the Yukawa potential shall be in this region and might have a cubic term in n + 1 2 in eq.(11). For the analysis, the cross section has to be small relative to the mean toroid radius. Hence, a toroidtoroidal globule transition point (r c ≃ r cross ) may get modified if we consider this effect more seriously.
The corresponding function f (N ) is given by:
where we sum over i = α, α− 1, α−2, α−3, α−4 and 
The mean toroidal (r c ) and cross sectional (r cross ) radii are calculated for large c: 
II) Coulomb type (α = 3): r c = 6π
Note that the radii of the ideal and the van der Waals nearest neighbour toroids correspond to case I with b 0 = 9 2
and case III with b 1 = −6, respectively. We will show below that case II is in fact the Coulomb type. Table 1 shows the least square fit of exactly computed V(N ) for the potential −W The inequality V ideal (N ) ≥ V(N ) ≥ V V DW (N ) means the exponents ν(N c ) for the mean toroid radius r c ∼ L ν(Nc) are bounded by those of ideal and van der Waals toroids in the asymptotic limit:
Also, we derive a significant fact that, as far as V(N ) is given as a polynomial in n + 2 ), thus r c ∼L 0 for large c. This is contradicting to the experimentally well known observation r c ∼ L 0 . To resolve this problem, we plot the exponents ν(N c ) of the mean toroid radius r c ∼ L ν(Nc) for the "finite" dominant winding number N c (Fig.3) . The exponents are now defined by ν(N c ) ≡ 1 − 2/ν f (N c ):
where the finite function ν f (N c ) is defined as c = N ν f (Nc) c . We find that for N c = 100 ∼ 400 (i.e. realistic winding number of DNA toroids such as T4 DNA [3] or Sperm DNA [6] ), we have ν ≃ 0 for the Yukawa interaction with κ = 0.5 ∼ 1.0, and ν = 0.1 ∼ 0.13 for the van der Waals interaction. These could explain the experimental observation: ν ≃ 0.
It is also possible to describe conformational transitions. When the radius of cross section becomes comparable to the segmental diameter r cross ≃ l d , the whip-toroid (N c = 1) transition occurs. We have r c ∼ L and the transition line l/W ∼ L 2 , which are independent of the interaction shape. Moreover, for the toroid to toroidal globule transition point r c ≃ r cross , we have r c ∼ l Conclusions. -To summarise, we have shown how different microscopic interactions between chain segments can alter the physical properties of the condensed toroid. In the asymptotic limit, exponents of the mean toroidal and cross sectional radii are categorised into three distinct species: van der Waals type, Coulomb type, and ideal type. For the intermediate winding number of N c = 100 ∼ 400, we find ν ≃ 0 for the Yukawa interaction with inverse screening length κ = 0.5 ∼ 1.0, and ν = 0.1 ∼ 0.13 for van der Waals interaction. These finding are consistent to the experimentally well known observation ν ≃ 0. It would be of great interest to check experimentally r c ∼ L ν for a fixed salt concentration, i.e., for a fixed screening parameter κ. If we naively apply the asymptotic values of r c and r cross , transition lines are found to be interaction dependent and to agree with ref. [4] in VDW case. However, as has been shown, the asymptotic relations are not so accurate for finite and realistic winding number N c . Therefore, the transition lines are to be studied with a special care. Finally, It should be stressed that our generic theory can be applied straightforwardly to any toroidal condensation of semiflexible polymer chains with any type and number of microscopic interactions. * * * We are grateful to W. Paul and S. Stepanow for stimulating discussions. We would also like to thank S. Trimper and P. Bruno for stimulating discussions and suggesting investigation of −W 1 r β . N.K. acknowledges the Deutsche Forschungsgemeinschaft for financial support.
